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Boundary states in the open string channel and CFT near a corner 
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We generalize the idea of boundary states to the open string channel. They describe 
emission and absorption of open strings in the presence of intersecting D-branes. We con¬ 
struct the explicit oscillator representation for the free boson and fermionic ghost. The inner 
product of such states describes a disk amplitude of rectangular shape and possesses modular 
covariance with a nontrivial conformal weight. We compare the result obtained here with 
those obtained using two different methods, one employing the path integral formalism and 
one employing the conformal anomaly. We find that all these methods give consistent results. 

In our method, we must be careful in our treatment of the singularity of the CFT near the 
corners. Specifically, we derive the correction to the conformal weight of the primary field 
inserted at the corner, and it gives the modular weight of the rectangle amplitude. We also 
carry out explicit computations of the correlation functions. 


§1. Introduction 

A boundary state^^’^^ is one of the most fundamental objects in the boundary 
conformal field theory. It encodes the effect of the boundary conditions in the oper¬ 
ator formalism on a 2D world sheet. In string theory, it gives an exact description 
of D-brane by specifying how a closed string is emitted or absorbed by the D-brane. 

In the language of 2D conformal field theory, the boundary state is characterized 
by the relation 

T^rm=D, ( 1 - 1 ) 

or in the Fourier modes of the Virasoro algebra, 

{Ln-L_n)\B^) = D. (1-2) 

The superscript c is attached to indicate that this boundary state belongs to closed 
string Hilbert space. There have been many works studying various properties of 
such states. (For reviews, see, for example. Refs. 3)-10)). 

As far as we know, the boundary state condition CU) has been considered 
only in the closed string channel. Such studies are natural, because the D-brane 
acts as a source of emission/absorption of closed strings, and the boundary state 
describes such a process. For example, the inner product of the boundary states 
describes closed string propagation between D-branes. The con¬ 
tribution of massless closed string fields to this amplitude is identical to the potential 
derived using supergravity, and with this information, we can determine the tensions 
of D-branes. 
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As we see below, however, it is also possible to consider a similar process for 
open strings. We consider the situation in which two D-branes A and Y intersect. 
Consider the physical process consisting of (1) an open string on a D-brane A being 



Fig. 1. An open string on the D-brane A is created/absorbed by another D-brane, S. 

emitted from a D-brane Y, (2) this open string propagating on the world volume of 
A and, (3) it being absorbed by Y (see Fig^. As the closed string amplitude, such 
a process would be described by an inner product of the boundary state as 

aa{^ \Q ° H )AA^ 

where belongs to the open string Hilbert space with both ends on the D- 

brane A and is the zero-point energy for the AA sector. We refer to such states 
as open boundary states (OBS) . The first purpose of this paper is to define such 
states and to give their explicit representation for free fields. 

We next study some basic properties of such states. Firstly, the inner product 
given by (Eni) gives a string amplitude with rectangular worldsheet. In general, 
it is possible to use different boundary conditions at the four sides. While this 
worldsheet has the topology of a disk, it possesses a modular property that can be 
written schematically as 

(1.4) 

where q = e~'^^andq = , for a real t > 0. The symbol represents OBS 

with two independent boundary conditions, A^andA^, at two sides. The quantity 
w{Yt\Ai, Ar\Yb) is the modular weight associated with the rectangle. This modular 
property implies that the rectangle amplitude is described by modular forms, in 
contrast to the usual disk amplitude. 

Strictly speaking, in the analysis given in this paper, it is not necessary that A and E “inter¬ 
sect” in the usual geometrical sense. In fact, it is possible to define the open boundary state even if 
A (resp. E) is embedded in E (resp. A) or AandX' are the same brane. The only condition which 
we need is that 17 n A is not the null set. 

A partial result on OBS is announced in Ref. 12). 
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It is rather intriguing that the disk amplitude may have such a modular co- 
variance. We present two arguments from which this can be understood. The first 
is the most straightforward one, namely that regarding the evaluation of the path 
integral on the rectangle. Although we need to introduce a regularization, as usual, 
the amplitude is manifestly covariant, by definition, and is identical with the inner 
product of OBS. 

Another argument, which is more illuminating, is that the rectangle amplitude 
is, strictly speaking, the same as the disk amplitude with four marked points on the 
boundaries. These points are mapped to the four corners of the rectangle. There is 
a relation between the cross ratio of the marked points with the modulus parameter 
t dehned above. The conformal properties of CFT near the corner play an essential 
role. Specifically, we show that the modular weight w{Et\Ai, Ar\X!i)) is the sum of 
the contributions from the corners. 

We observe that the general behavior of CFT near the corner with a deficit angle 
results from the conformal anomaly of the stress-energy tensor. After we map from 
the disk amplitude, each corner has a primary insertion with a weight proportional 
to the central charge. When the boundary conditions of the neighboring sides are 
different, we also need to add a twist field. The modular weight w{Ut\Ai, Ar\Xib) is 
proportional to the sum of the conformal weights of the inserted fields at each corner. 
We also must be careful in choosing the normal ordering of operators inserted at 
the corner. We show that near the corner, each operator effectively becomes two 
operators, as its mirror image also acts. We show this through explicit computation 
of the correlation function. 

The organization of this paper is as follows. In we give the dehnition of 
the boundary state in the open string channel. We then compute various rectangle 
amplitudes for the free boson case and derive their modular properties. In m in order 
to compare these amplitudes with those obtained using path integral computation, 
we study the general behavior of CFT at the corner with a deficit angle. In a we 
carry out the path integral evaluation of the rectangle amplitude. We present two 
equivalent computations, that employing the direct computation of the Laplacian 
on the rectangle and the derivation from the conformal anomaly. We find that both 
results coincide with that of the operator calculation through the open boundary 
states. In a we evaluate four point functions on the rectangle as an application of 
our formulation. These analyses are sufficient to establish various properties of the 
open boundary states. 

After we submitted the first version of this paper to the arXiv, we were informed 
that the content of Ref. 13) partially overlaps that of this paper (in §2 and §§4.2). 
We improved the treatment of the stress energy tensor given in §2, following this 
reference. 
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§2. Construction of the open boundary state 
General formula 

The definition of the open boundary state can be derived from the closed string 
sector 113 using the doubling technique. Let us consider the energy momentum 
tensor as the first example. We consider an open worldsheet of rectangular shape 
(0 < u < 27r, T > 0). We identify the anti-holomorphic part of the energy-momentum 
tensor as 

T{w) = T{27r — w), w = a + ir , (2T) 

which gives the condition at w = ir. The combined tensor field T{w,w) = T{w) + 
T{w) then satisfies the boundary condition (11-11) at the boundaries a = 0 and a = n. 
The boundary condition at r = 0 is 

{T{a)-Ti-a))\B°) = 0 (2-2) 

for 0 < (T < vr. We see below that care is needed at u = 0 and a = tt and indeed an 
anomaly exists there. This condition is reminiscent of the definition of the identity 
state in open string field theory/®^ 

{T{a)-T{7T-a))\I) = 0. (2-3) 

In a sense, the relation between the OBS and the identity state is similar to that 
between the boundary state in the closed string channel and the crosscap state: 
\B'^) ^ \B°), IC'^) \I). 

In order to define the open boundary state, we have to specify three boundary 
conditions, two conditions at cr = 0, vr and one condition at r = 0. The first two, in 
general, are implemented by the doubling technique (for generic conformal fields 4> 
and (p), represented by 


(j)a{w) = {Ar)al3(t)0{2'n - w) , (2-4) 

and the periodicity of the chiral field (pa, 

(paiw + 2 tt) = Gai3(p/3iw) ■ (2-5) 

Here, Ar or G are complex matrices. The boundary condition at u = 0 is then 
specified by 

Mw) = {AG)af3(p/s{-w) = {Ai)al3(pl3{-w) ■ (2-6) 

This determines the monodromy matrix G in terms of T;,, 

G = iAr)-^Ai. (2-7) 

The boundary condition at r = 0 can be defined similarly as 


(pa{w) = {Z;h)al3(p0{w)- 


( 2 - 8 ) 
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We need some consistency conditions in order to impose these conditions. For ex¬ 
ample, the consistency condition obtained by considering the vicinity of re = 0 is 


(l){-w) = Ub ■ (j){-w) = Ub ■ ^ ■ Hw) 

= A ■ = Ai ■ {I!b)~^ ■ ^w) , 


(2-9) 


which implies 

Sb{Ai)-^ = or {Ub{Air^f = l- (2-10) 

Similarly, the consistency condition obtained by considering the vicinity of rc = vr is 


Eb{Ar)-^ = Ari^b)-^ or {Ub{Ar)-^f = l. (2-11) 

The definition of the boundary state can be written in terms of the chiral field alone. 
There are two equivalent ways to write the constraint on \B°)^'^y^^, 

{M-^) - {A-^Sb)agM^)) = 0 , 

{(pai2Tr -a)- (A-^Eb)ai3(^0i(^)) 1-^°) JV = ^ ' ^‘^'^2) 

Their equivalence can be shown trivially using (1^ . 

Ftee bosons without a twist 

Let us use a free boson (without a twist) in order to obtain the simplest explicit 
formula. The possible boundary conditions are those of the Neumann and Dirichlet 
types. In terms of J{w) = dX{w), they can be written as 

J{—w)+eJ{'w)=0, at Re(rc) = 0. (2T3) 


Here we have e = 1 for Neumann and e = — 1 for Dirichlet boundary condition. 
Employing the same notation as in our general discussion, the reflection matrices 
are identihed as Ar^i = —e. Because we have G = eiCr, the chiral field is periodic 
when ei = and anti-periodic when ei = —Cr- The well-known free boson mode 
expansions are. 


XiNN)^ 



(2-14) 

),(2.15) 

(2-16) 


/ / \ 2 -I 

=x + i ( — j ^ + (2-17) 

^ ^ rGZ-l-l/2 ^ 

The commutation relations for the mode variables are 




[x,p] = i. 


( 2 - 18 ) 
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We note that the zero mode sector is nontrivial only for NN. 

The condition for the boundary state can be written in a form similar to that 
for the closed string case: 

drX{a,T)\r=o\B%A^ = 0, d^X{a,T)\r=o\B°)%A^ =0. (2-19) 

The only difference between the open and closed string cases is that the mode ex¬ 
pansion depends on the boundary conditions for open strings and we have only one 
set of oscillators instead of two (the left and right mover). 

The open boundary states are obtained by solving (msi). The result can be 
written compactly as 

\Byj!er ^ exp I -eieb ) |zero mode)^;"^,^ . (2-20) 

V n>0 / 


Here, ei^r,b represent the boundary conditions at the left, right and bottom, respec¬ 
tively, and are -|-1 for Neumann boundary conditions and —1 for Dirichlet boundary 
conditions. The sum is over all positive integers when e/ = and all half odd pos¬ 
itive integers when e; ^ e^. The vacuum state |zero mode)|* g^ is the simple Fock 
vacuum when {ei,er) ^ (- 1 - 1 ,-|- 1 ). For {ei,er) = (- 1 - 1 ,-|- 1 ), we need to prepare the 
zero mode wave function. An appropriate choice is \p = 0) for e;, = 1 and |x = xq) 
with xo G for = —1. 


Anomalies at the corners 

Let us study the condition (1^ in our specific constructions. It would be re¬ 
placed by the condition 

(L„-L_J|H)^(,^ = 0. (2-21) 

It turns out, however, that we have an extra term if we apply the Virasoro generators 
(n 7 ^ 0) in terms of oscillators. 



m 


( 2 - 22 ) 


where m runs over all integers for NN and DD boundary conditions and all half 
odd integers for DN and ND boundary conditions. With this extra term, we obtain, 
instead of (EUl), 

iLn-L.n + {dnr4J\B)lUr=0^ (2-23) 

where 

idr,)%^ = -2niXi + i-ir\r), with A; = -^,A, = -^. (2-24) 

We show below that the quantities A;^^ are the conformal weights of the operators 
inserted at the corners. The meaning of this anomaly term becomes clearer if we 
write it as a condition for T{cr) : 

(r(cT) - Ti-a) + ini {Xi6'{a) + Xr5'{a - n))) \B)%^ = 0 . 


(2-25) 
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Free bosons twisted by flux 

One of the most straightforward generalizations of free boson OBS is the inclu¬ 
sion of the fluxes. In the case of a closed string, the boundary condition becomes 
(for example, see Ref. 4)) 

{dsX^ - Oi^d^X'')\B)‘^ = Q, where O = ( 1 + F)( 1 -F)-^ (2-26) 

Here, O satisfies the orthogonality condition O ■ = 1 and is an element of 0(fi) 

(where d is the number of dimensions in which the flux is introduced). 

In order to define OBS, we have to specify three D-branes, which are located on 
the left, right and bottom. We consider the situation in which these D-branes have 
the fluxes Fi, Fr and Fi,, and we denote the orthogonal matrices associated with 
these fluxes as Oi, Or and Ob, respectively. The identifications of the holomorphic 
and anti-holomorphic oscillators at the three sides become 


(d,-x^ + {Oi)>id,xnU^ = 0, {d,x^ + {Or)>:;d,xnU^ = 0, (2-27) 

(d,x^ - {Obrud.xn = «• (2-28) 

The two conditions on the first line are used to determine the identification of the 
anti-holomorphic part with the holomorphic part and fix the periodicity of the latter 
under the shift a —> u -|- 27r. The condition on the second line represents the explicit 
deflnition of OBS in terms of holomorphic oscillators. 

These constraints have the same form as those used in the general discussion if 
we make the replacements Xb ^ Ob, Ar ^ —Or and Ai ^ Oi, and hence we can use 
the consistency conditions derived there. In the present case they can be written as 

Of Oi = Of Ob, of Or = of Ob . ( 2 - 29 ) 


We do not attempt to write explicitly all the matrices that solve these con¬ 
straints. However, it is rather easy to see that there are many of solutions. A trivial 
solution is Ob^i,r = ^b,i,rO, where O G 0(d) and eb,i,r = il- This gives a D-brane 
with the same flux or its T-dual. 

For a more nontrivial solution, let us note that if we define A = Of Ob, then we 
have A G 0(d), and the constraint (12-291) implies A^ = 1. This is not so difficult to 
solve for small values of d. The simplest nontrivial case is d = 2, for which there is 
a one-parameter family for A, 


_ 7 - _ / cosd sind \ _ f cos 6*1 — sindi \ f cosdi sin 02 \ 

^ ^ sin 0 — cos 9 J sin 0 i cos 0 i y ^ sin 02 — cos 02 ) ’ 

( 2 - 30 ) 

with 0 = 01 -|- 02 . This implies that there is a large class of solutions of the form 


Or 


Ob 


cos 01 — sin 01 

sin 01 cos 01 

cos 03 sin 03 

sin 03 — cos 03 


Oi = 


cos 02 — sin 02 

sin 02 cos 02 


( 2 - 31 ) 
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for arbitrary ^ 1 , 2,3 G R- 

The interpretation of this solution is straightforward. Suppose we choose 9^ = 0. 
The Oh in this case describes a Dl-brane in 2 dimensions. The angle 9^ will rotate 
this Dl-brane in an arbitrary direction. On the other hand, the D-branes on the left 
and right are D2-branes with arbitrary flux. We note that there are also solutions for 
which the left and right D-branes are D1 branes at arbitrary angles and the bottom 
one is a D2-brane with arbitrary flux. 

Once the constraints are solved, the mode expansion of X is determined 

so as to satisfy the periodicity condition 

dX{a + 27r) = Oj OidX{a ), (2-32) 

and the boundary state is determined by the condition 

{dX{-a) + OfOhdX{a))\BX:Or = «• (2-33) 

While these expressions are rather formal, it is not difficult to confirm that these 
definitions are consistent. 

Ghosts 

For the investigation of a bosonic string, we need the open boundary state for 
the reparametrization ghosts. Unlike the Majorana fermions, which turn out to be 
more nontrivial, the open boundary state for the ghost fields can be obtained in a 
straightforward manner. Here, the boundary conditions become, 

{bn - = {Cn + C.n)\B°)^^^'> =0. (2-34) 

These conditions can be solved immediately as 

|^o)(gh) ^ I ^ c-nb-nj coCi|0)fe*") , (2-35) 

\n>0 J 

where is the SL(2,i?) -invariant ghost vacuum. 

As mentioned above, the inner product between the open boundary states de¬ 
scribes a rectangular worldsheet . At the corners, we have a deficit angle of 7r/2, 
which leads to some nontrivial features of the OBS. We give a systematic descrip¬ 
tion for generic CFT in the next section. Here we give a short description which is 
specific to the ghost field. In this case, the effect of the deficit angle appears as the 
(implicit) ghost insertion at both ends of an open string. This can be seen in the 
following way. Let us focus on one of the two endpoints, say a = 0: 

~ 0(u), b{u)\B°)^^^^ ~ 0(1). (2-36) 

The deficit angle at the corner is mapped to a smooth boundary by the conformal 
map z = u^. In terms of this new coordinate z, we obtain the following behavior of 
the b and c fields in the upper half plane: 

c{z) = 2uc{u) oc z, b{z) = {2u)~‘^b{u) oc -. 

z 


(2-37) 
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These relations imply that in the state ((233), the ghost operator c has been inserted 
at (T = 0 in the smooth coordinate z. We interpret this as meaning that the corners 
are “marked points” on the worldsheet where ghost fields are inserted. They fix 
the symmetry associated with the conformal Killing vectors and reproduce the FP 
determinant. We will return to this point in a 

BRST property of OBS 

In string theory, a physical state condition is written in terms of a BRST oper¬ 
ator. For the open string boundary state, it gives a nontrivial constraint, due to the 
anomaly at the corner dUSl). In bosonic string theory, the BRST operator in the 
general background can be written as 


QB=Y.CnL^t+ E 


m — n 


• ^mCnb—m—n • Cq 


n^Z ra^n^Z 

and the open boundary state for free bosons takes the form 

\B°)= p 


(2-38) 


(2-39) 


bosons 


When we apply the BRST operator to this boundary state, the result is 

OO OO 

QB\B°) = -Y,C-n Y. {dn)%^B°)-Y^ric.2n\B°) 


n=l bosons 

OO 

= - Yj 

n=l 


n=l 




bosons 


bosons 


(2-40) 


where we have used dHH. Hence, the BRST invariance Qb\B°) = 0 is equivalent 
to 


Y eb€i = -6, Y e6er = -6. (2-41) 

bosons bosons 

For a more general background, we expect that the Virasoro condition for the 
OBS remains in same form (EH, since it reflects the general behavior of the stress 
tensor at the corner as we see in the next section. In terms of this language, the 
above conditions are replaced by A; = A,. = 3/8, where A/ and A,, are the conformal 
weights of the operators inserted at the corners. Usually, the operator that is inserted 
at the boundary should have a conformal weight 1 in order to maintain conformal 
invariance. We argue in the next section that this deviation comes from the anomaly 
associated with the deficit angle at the corner. 

Modular covariance of rectangular diagram 

We can check the consistency of these states by calculating their inner product 
and compare it with the usual path integral formula. This gives a disk amplitude 
in the form of a rectangle, whose sides are specified by various boundary conditions. 
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Although this is a disk diagram, we conjecture that the modular invariance ((HI) 
holds. 

For the free case, we can readily confirm dHl-*) A straightforward computation 
gives 

^ — 7===sk‘7°LiM'i • 


nn>o 




(2-43) 


where q = e and the zero-point energy is given by 

_-£qj. g g _ _j_£ _ - £qj, g g _ 

24 I r , 

As in the previous case, n in runs over positive integers for = 1 and positive 

half odd integers for = —1. We denote the contribution of the zero mode as 
It is nontrivial when ei = er = -|-1 (NN) and trivial (i.e. = 1) 

in all other cases, because unless ei = er = -|-1, (e/, e^j-strings have no zero modes. 
There are four cases corresponding to the former condition, e; = = 4-1, but only 

one of them gives a nontrivial contribution, 

1 


I 


(zero) 

{D\N,N\D) 


I. 


(zero) 


= I. 


(zero) 


= I. 


(zero) 


(Af|iV,iV|Ar) ^{N\N,N\D) ^{D\N,N\N) 


= 1 . 


(2-44) 


Here we have used the following zero mode conventions;**^ 
X =-{d— d^), p = d+ d^, [a, al] = 1 


ko) = 




,^-2ixoa^-xl^^ Ipo) = (27r)ie-i“^'+P°“^-3Po|0) (2-46) 


v\Po) =Po|Po), = a^oko) 

Including these zero mode contributions, we obtain the following expression for the 
rectangle amplitude for a free boson: 

I(N\N,N\N) = I{D\D,D\D) = hN\D,D\N) = ^1/2 

I{D\N,N\D) = ^(D|iV,7V|iV) = hD\D,D\N) = ^ 1 / 2 (2t) ’ 

T _ r _ j _ r/^/2(2f)r)V2(t/2) 

-'(7V|iV,D|7V) - ^D\N,D\D) - ^l/2yi2y Hn\NMD) - - 

A useful formula is 

= (1 - 

for a simple oscillator, with [a,a^] = 1. 

We note that in deriving n\d) ~ "7^’ '''® position eigenvalues of the zero mode 

all equal, with the value xq. If they are not all equal, we have to replace iv|D) I’y 


|l/o)= -- 


a' In q 


exp 


(a;o - yof 
a' In q 


(2-45) 
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As a consistency check, we study the modular property of these partition func¬ 
tions. We can write this property as 


-^(<;i|€2,e4|e3)(lA) = ^’^■^(€4kl,e3k2)W ; (2'50) 

where w is some weight which may depend on the boundary conditions. By using 
the explicit forms given above, we can confirm this relation with the weight 

w = --^(6162 + €263 -b €364 -b e4ei). ( 2 - 51 ) 

lb 

These factors have a structure similar to that of the coefficients of the anomaly term 
in In the next section, we see that they are indeed closely related. 

We can make a similar calculation for the ghost sector. The rectangle amplitude 
for the ghost field is 

/ghost (i) = = g{t), (2-52) 

and its modular property is 

/ghost(lA) =i^/"/ghost(t). (2-53) 


This is the square root of the contribution of the ghost boundary state in the closed 
string. 

A consistency condition for a bosonic string 

Let us consider a bosonic string theory with flat intersecting D-branes. In this 
case, the rectangle amplitude can be written as the product /*°* = /ghost Obosons /> 
where Obosons represents the product over 26 boson fields. From and (ESSl), 

the modular property of /*°* is 


/t°t(l/i) =i«'tot/tot(^). 


where the total weight wtot is given by 


VJtot = - 


1 

16 


bosons i=l 


(2-54) 


(2-55) 


The rectangle amplitude describes the propagation of an open string between the 
two D-branes and Ut, 


poo 

^ = ■ (2-56) 

J 0 

This amplitude can also be interpreted as the propagation from Ai and in the 
modular dual channel, and A should be invariant. This implies that the total weight 
rctot must be 2. Actually, we can show that this is the case if the BRST constraint 
is satisfied. 
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§3. CFT at the corner 


In ^we computed rectangle amplitudes with various boundary conditions, and 
found that they are transformed under modular transformations as modular forms. 
The factor on the right-hand side of can be interpreted as a conformal 

factor arising in the dilatation of the rectangular worldsheet from the size 1 x t to 
1/tx 1. With this interpretation, each term —ejCj+i/lh in the modular weight (|2-,1H1 
seems to be the conformal weight associated with each corner of the rectangle. In 
this section, we first derive the basic properties of CFT near the corner, with special 
attention given to the change of the conformal weight of the primary fields.We 
then prove that, for the rectangular diagram, the conformal weight at each corner 
indeed gives the modular weight of the modular transformation of the rectangular 
diagram. 

CFT at the corner 

Let us focus on the vicinity of one corner and use the first quadrant instead of 
a rectangle. The map between the upper half plane with the coordinate z' and the 
first quadrant with the coordinate z is given by z! = ^. In the following, we study 
the slightly more general case of z' = z^. 

Let O be a primary operator with conformal weight A. We insert this operator 
at the origin of the zLplane. Then, at the origin, the energy momentum tensor T(z') 
has the double pole singularity 

T{z') = ^ + --- , (3-1) 

where the dots represent a simple pole and the finite part. For a general conformal 
map of the form z' = f{z), the energy momentum tensor in a theory with central 
charge c is transformed according to 

nz)^{frnz') + c(^-H-^y ( 3 . 2 ) 

Using this formula for the conformal map z' = z", we can translate the behavior of 
T(z') in (13-IB to the following behavior of T(z) near the corner: 

r(z) = ^ + --- . (3-3) 


In order to evaluate the conformal weight associated with the corner, we have 
to divide the coefficient of 1/z^ by n:**^ 


A 


corner 


nX — c 


— 1 
24n 


(3-4) 


For related studies of CFT at the corner, see, for example, Refs. 14) and 15). 

This factor appears becanse the dilatation operator near the edge is given by the integral of 
T{z) over the contonr consisting of 1/n of the usual half-circle. More explicitly, this integral is taken 
over the path z = re*® with 0 < 9 < Tv/n. 
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The first term on the right-hand side of this relation represents the contribution of 
the inserted operator, and the second term is the intrinsic weight of the corner. 

When boundary conditions on both sides of the corner are the same (i.e.,DD or 
NN), we need no operator insertion at the origin of z\ and we have A = 0. In this 
case the equality Acomer = —1/16 holds for each free boson. By contrast, if the two 
boundary conditions are different (ND or DN), we need to insert the twist operator 
a for the boson held. In this case, because a has conformal weight 1/16, En. (l3-4jl 
gives Acorner = -|-1/16. These results can be combined to give Acomer = —eiei+i/16, 
which coincides with the modular weight of the rectangle at one corner. At the same 
time, it accounts for the anomaly at the corners in (1^^ . if we note 

disc-^ = —2TTi5'(a). (3'5) 

The change of the conformal weight of the primary helds can be interpreted as 
the renormalization effect induced by the conformal map. We now rederive the hrst 
term in (Ul) . that is, the contribution of the inserted operator. Let us consider the 
conformal map z' = z” again. Because the corner is a singular point, we have to be 
careful when we insert an operator there. To see what kind of singularity arises, we 
first insert the operator at a generic point z, and then take the limit z ^ 0. The 
primary fields 0(z) and O(z') are related as 

0(z' = 0) = lim(nz^-^)^0(z). (3-6) 

z —>0 

Because the z'-plane is smooth, the insertion of O(z') does not produce any singu¬ 
larity in the z' ^ 0 limit. This fact and the relation (ESI) together imply that the 
operator 0(z) in the z-plane behaves as ~ {nz‘^~^)^. Therefore, in order to have a 
well-defined vertex insertion, we should use the renormalized operator 

(3.7) 

The renormalization factor gives an extra contribution to the conformal weight. The 
factor has conformal weight (n — 1)A, and the total conformal weight of 

the renormalized operator is nA. This is what we have in Eil- 

Multiplication of tachyon vertices with OBS 

As a simple example, let us consider an OBS with tachyon vertices inserted at 
the corners. The (bare) tachyon vertex is 

Vfc(z) =: : . (3-8) 

The conformal weight of this operator is A = a'k‘^. 

We can explicitly see the singular behavior of this operator near the corner a = 0 
if we apply this operator to the OBS. This is done below. We use NNN boundary 
conditions for concreteness. First, Wick’s theorem gives 

OO 

J] exp exp (2V^k^e-^^^ 

n=l 
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= (1 - f[ exp (^-2V^k— cosh(nT)) 

n=l 

oo 

~ [] exp [-2V^k'^) . (3-9) 

71=1 

Because of the factor {2t)°^'^^ , this is singular at r = 0. An operator inserted near 
the other corner, a = n, produces a similar singularity. In order to remove this 
singularity, we define the following renormalized vertex operator: 

yr(T,cT) = (2r)-“'"Vfc(r,a). (3-10) 


This kind of renormalization is familiar in the relation between the bulk operator 
and the boundary operator. For example, a bulk operator has conformal weight 
{a'k"^ j2,a'k‘^ j2). Therefore, we could naively expect the conformal weight a'k‘^12 + 
a'k‘^/2 = a'k‘^ for a boundary operator of the same form. However, the actual value 
is 2a'k'^. This is because the limit in which the operator approaches the boundary is 
singular, and therefore we need an extra renormalization factor, which doubles the 
conformal weight. 


Localization of the weight at the corners 

Finally, we can show the localization of the weight at the corners for the rectangle 
amplitude in the following way. Let us consider a rectangular worldsheet, and let a 
and b denote the lengths along the r and a directions, respectively. The deformation 
of the worldsheet is generated by the energy momentum tensor. For example, a 
change of the length b to b+6b is generated by dbLo = 6b [anti-holomorphic 

part], where the contour C 2 is a segment crossing worldsheet from one boundary, a = 
0, to the opposite boundary, a = a. Similarly, the change of the length a is generated 
by the insertion of T along the contour Ci, which goes from the boundary r = 0 to 
T = b. Combining these two, we can generate the dilatation of the worldsheet, and 
the change of amplitude resulting from the dilatation is given by 


T 



dz 


27ri 


-aT + 




+ c.c. 


(3-11) 


where c.c. (complex conjugate) represents the contribution of the anti-holomorphic 
part [see FigEl (a)]. We can deform the two contours into four contours going around 
each corner. Doing so, we rewrite (nmi) as 


6_I_ 

T 



Zi)T ) + C.C., 


(3-12) 


where zi {i = 1,2,3,4) are the coordinates of the four corners, and represents 
integration along the contour around Zi [see Figlll(b)]. In (13-1211 . the integral for 
each i extracts the conformal weight of the i-th corner. This argument implies that 
the effect of the dilatation is obtained by summing the conformal weights associated 
with the corners. 
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Zi=ib Cl z^—a-\-ib zi=ib Z4=a-\-ib 


C2 


22=0 ^3= a Z2=0 ^3= a 

(a) (b) 

Fig. 2. (a) The dilatation is generated by the energy momentum tensor inserted along the two 

contours Ci and C 2 . The operators integrated along each contour are shown beside that contour, 
(b) The two contours in (a) can be rearranged into four contours around each corner. The 
integral along each contour gives the conformal weight of the corresponding corner. In both (a) 
and (b), we show only the holomorphic parts. 


iz-tb)T ^ 


' 

(z—a—ib) T 



zT ' 

. 

i ' 

^ {z-a)T 


aT ^ 


ibT 

1 

1 


§4. Path integral approach to the rectangle amplitude 


In this section, we present the path integral evaluation of the rectangle amplitude 
and confirm that it is identical to the results obtained from OBS. 

4.1. Direct evaluation of the path integral 

Formally, the amplitude is obtained from the Gaussian integral 


I = = (det A) 


-1/2 


(4-1) 


where S'[^] is the action of the matter part, 

1 f 


5[X] = 


Ana' 


d^aXAX 


(4-2) 


(4-3) 


and A is (up to a sign) the Laplacian on the worldsheet, 

^ 

da'^ 

In this section, we assume that all the boundary conditions are Dirichlet for simplic¬ 
ity. Other boundary conditions can be treated similarly. 

First, let us rederive the rectangle amplitude I(d\d,d\d) ™ ^‘2,-All with the path 
integral approach. If the worldsheet is a rectangle of size axb, then X has the mode 
expansion 

X{a,T)= ^ Xmnsin sin . (4-4) 

m,n>l 

The eigenvalues of the operator A for the eigenfunctions in (ITl) are 






'm,n — 9 


+ 


vr^n^ 

1^' 


m,n = 1,2,... . 


(4-5) 
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Then, the determinant of the operator A is represented by the infinite product of all 
the eigenvalues 

OO 

I = (det ( 4 .g) 

m,n=l 

An advantage of the path integral approach is that the modular invariance is manifest 
by definition. Indeed, the amplitude (ITO) is invariant under the exchange of a and 
b. However, this property has only a formal significance unless we regularize this 
divergent product of the eigenvalues. 

A simple way to obtain a finite result is to use the ^-function regularization. In 
this method, we first rewrite (ira as 

'= n n-(1+^)"'’'. 

Tm \ J 

m,n>l m,n>l 


where t = b/a. Let us carry out the product with respect to n. Removing the 
divergent constant factor independent of a and b, and using the formula 

+x‘^/n‘^) = sinh7rx/(7rx) for the convergent product and the (^-function 
regularization formulae ® and 0™=! ~ we 

obtain 

n (^(1-<!-“■)) 

m=l ^ ^ m=l ^ ^ 

(4-8) 

where q = e The t-dependent part of this amplitude coincides with the amplitude 

we obtained using the oscillator approach, and the area dependence reproduces the 
correct conformal weight, —1/4. 

Although the (/-function regularization provides a simple and efficient way to 
extract a finite result from the divergent product, its physical meaning is unclear. For 
this reason, we give another derivation of the same result using a more conventional 
regularization method, the heat kernel method, in which we introduce a cut-off e 
and regularize the determinant by writing 

fOO Jt 

r = logdetA = — / ^tre“^"^, (4-9) 

J e s 

where we have defined F through the relation I = Then, for the rectangle 

with eigenvalues we obtain 


r = - 



p— 





ab 2{a + b) 
dvre 4^/Fe 


jlog— + log(t^/‘^77(t)) -h - —0(e). 
4 Tre 4 


(4-10) 


The first two terms here are cancelled by local counterterms and have no physical 
meaning. The remaining part correctly reproduces the previous result (SIHI), up to a 
constant. 







Boundary states in the open string channel and CFT near a corner 


17 


4.2. Derivation of the rectangular diagram from the Weyl anomaly 

For a general worldsheet with boundaries, a formula for the determinant defined 
with the regularization (jUSl) is given in Ref. 17). This gives the determinant as an 
anomaly associated with the Weyl rescaling gab = where gab is a fiducial 

reference metric. Specifically, it gives the determinant as a functional of a: 

2 (-^div + Fbuik + Tbdr + •••)! 

J- J die" + lx(M) log o, 

f V^{a^a){aea), 

1^^ JM 

-^ ( [ dska + l- [ d^zy/^Ra\ . (4-11) 

OTT \JaM ^ JM J 

Here, Idiv represents the divergent part depending on the cutoff e, and /bulk and 
Ibdr are finite contributions from the bulk and the boundary of the worldsheet, 
respectively. (Although Ibdr includes the bulk integral term, it vanishes in the 
computation carried out below.) The dots represent terms independent of u, in which 
we are not interested. The first two terms in r^iv are divergent terms proportional 
to the area of the worldsheet and the length of the boundary, respectively. They are 
invariant under the renormalization flow in the sense that a rescaling of the cutoff, 
e —> e^“e, is absorbed by the constant shift a —> a + a. The third term in /div, which 
is logarithmically divergent, is also invariant under renormalization if it is combined 
with /bdr- The rescaling of the cutoff changes the third term of /div by (a/3)x(M), 
and this is cancelled by the change of /bdr under the constant shift a ^ a + a, 

^Tbdr = -^( [ dsk + l [ d^z^n) = -^x(M). (4-12) 

67r \JoM ^ Jm / 3 

In this way, logarithmically divergent terms are always accompanied by finite terms 
which make the overall amplitude renormalization invariant. Using this fact, we can 
determine the scale dependence of amplitudes from their cutoff dependence. 

For a rectangle of size a x b, the first two terms in /div are identical to the first 
two terms in (inui) . However, the logarithmically divergent term, which is related 
to the conformal weight of the amplitudes, does not coincide with the corresponding 
term in (inni) . As we see from (iroi) . the formula 6311) gives a conformal weight 
— 1/6 for any amplitude in the case of disk topology, while we know that the rectangle 
amplitudes have the conformal weight —1/4. In order to resolve this problem, we 
have to treat the divergence of the integral at the corners more carefully. 

In order to see how the divergence at each corner modifies the conformal weight, 
let us focus on one of corners. We consider slightly generalized situation in which 
the corner has an angle of vr/n. We can always choose coordinates z and u for which 
the mapping around the corner is represented by z (x u^. We employ the flat metric 
on the z-plane as the reference metric g, and g is the flat metric on the u-plane. 


log / = - 

/div = - 
/bulk 
/bdr = — 
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From (Uni), we can extract the conformal weight 


A(boundary contribution) 


n — 1 
12n 


(4-13) 


for the corner. As mentioned above, this part is not sufficient to reproduce the 
conformal weight of the corners. For this purpose, we also need to take account of 
the contribution of Itmik- For the mapping 2 oc u”, it is given by 


.n^uik 


1 



(4-14) 


This integral diverges logarithmically in the limit \z\ —> 0. (Note that the divergence 
in the limit z —> 00 is of no concern here. Here we are focusing on the divergence 
at the corner.) In order to regularize this divergence, we introduce a small cutoff p, 
remove a sector of radius p from the corner, and integrate over only the region in 
the 2 ;-plane mapped to values of u satisfying |u| > p. We then have 


{jn — 1)^ 

-Tbuik = —logp + (p independent part). 
12n 

This cutoff dependence gives a new contribution to the weight, 

(n — 1)^ 


A (bulk contribution) = — - 


24n 


(4-15) 


(4-16) 


Adding and (iroi) . we obtain the correct value appearing in 

We can reproduce not only the conformal weight of a corner but also the full 
rectangle amplitude as a Weyl anomaly. For example, we can obtain a rectangle of 
arbitrary size a x 6 from a round disk of diameter d. Because the conformal map is 
singular at the corners of the rectangle and the bulk integral term diverges there, we 
remove small sectors around each corner. Let pi {i = 1,2,3,4) denote the radii of 
the sectors defined with the metric on the rectangle. Then we obtain the following 
conformal anomaly associated with the conformal map: 


r = log ^ log(o6) + ^ log d - ^ log 2 + ^ log TT + ^ ^ log Pi . (4-17) 

2 = 1 


Up to constant terms, this coincides with the rectangle amplitude we have obtained 
with other methods. Note that the dependence of on each cutoff is the same 

as that of (ESI). 

The important point here is that when the worldsheet with a corner is mapped 
to a worldsheet with a smooth boundary, the image of a corner is ‘marked’, because 
we need to regularize the bulk term by, for example, removing a small sector around 
each corner. Mapping a rectangle to a round disk, we obtain a disk with four marked 
points. 

For this reason, the disk does not have conformal Killing vectors, and it has a 
single modulus t. When we compute the string amplitude, we have to insert a ghost 
operator at the four marked points, and we have to carry out a modulus integration 
accompanied by a 6-field insertion. 
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§5. Correlation functions 


In the previous sections, we have established the open boundary state by demon¬ 
strating that it is identical to that derived with the path integral computation. There, 
we learned that a special care is needed in the treatment of the corner, especially 
when the vertex operator is inserted. In this section, we present some examples 
of the computation of the correlation functions in which tachyon vertex operators 
are inserted at the corners. These examples illuminate the prescriptions we have 
proposed. 

OBS with tachyon insertions 

We first consider the computation using OBS. By analyzing the modular prop¬ 
erties of the correlation function, we reproduce the intrinsic weight of a corner of a 
rectangle and the renormalized conformal weight of the tachyon vertex operator at 
a corner discussed at the end of m First, we consider a single free boson X (i.e. the 
case c = 1) for simplicity. Since the zero mode exists only in the mode expansion 
of NN string, tachyon vertices can be inserted only at the corners located between 
two edges with Neumann boundary conditions. In order to evaluate amplitudes, we 
must define the OBS with two tachyon vertices inserted and one with one tachyon 
vertex inserted. The definition of the OBS with two tachyon vertices is expressed in 
terms of the renormalized tachyon vertex operators given in 

Tl ,T2— 

= n «p ■ (5-1) 

m=l \ / 

The dehnition of the OBS with one tachyon vertex is similar to that in the two vertex 
case considered above: 

OO 

T —^0 

r=l/2 



o\N 


ND ■ 


(5-2) 


Here we have defined the dimensionless momentum k = 2y/2a'k. Using k, the on- 
shell momentum for a tachyon is k'^ = 8 . 

Four tachyon insertions 

When four edges of the rectangle have Neumann boundary conditions, we can 
insert tachyon vertices at all the corners (see FigEl): 


liiki, k2', k^, k^] t) — ^]^{B°‘, ks, k^lq^o 24 \B°‘, ki, fc 2 )jv 7 v 

(1-2) (3-4) 


12+34 ^ 1 

= 2 2 r]{t) 2 


(1^+22+3^+42)-! f \ 

V vit) ) 


V h{t) J 


(5-3) 


(Henceforth we often use the notation i = ki.) Using a computation similar to that 
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ki, _ 




N 




D 

h{ki,k>2'MM',t) 

= t 

N N 



= t 

N D 


ki 

N 

k>2 


k 

N 


1 


1 



ko. 



D 



N 


= t 

N N 



= t 

N D 


ki 

N 



ki 

N 


1 

ko. 


1 


Fig. 3. Rectangle amplitudes with tachyon vertex operators, specified by the momenta ki. 



(a) (b) 
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Fig. 4. Modular properties of rectangle amplitudes with tachyon vertices 


yielding (12-5011 . the modular property of this amplitude is obtained as 

h{ki,k2]k^,ki-,^ = . (5-4) 

This property is graphically depicted in Fig|3](a). 

The factor +2 +3 +4 - 1 ) right-hand side shows that the conformal 

weight of the entire amplitude is ^(1^ + 2^ + 3^ -|- 4^ — 1). This implies that the 
conformal weight of each tachyon vertex operator at a corner of the rectangle is 
/c^/4 = 2a'k'^. This is identical to the weight of the renormalized vertex operator 
at the corner, discussed at the end of m This result comes from the use of the 
OBS with renormalized vertex operators. The factor —1/4 comes from the intrinsic 
weight of the corner where all edges satisfy Neumann conditions. 

We now comment on the relation between the on-shell condition of the tachyon 
vertex and the modular weight. The condition of modular invariance must be im¬ 
posed on the total amplitude /tot = /ghost O-^matter- Here the index of the product 
runs over all spacetime dimensions, and /ghost is the same as that used above. Hence, 
the total conformal weight rctot is 

t^tot = + 2^ + 32 + 42 - 26) + i . (5-5) 

In order for the amplitude A = dt to be modular invariant, tctot must be 

equal to 2. If all the tachyons are on-shell, the conformal weight of the tachyon vertex 


D 

t N D 
N 

k 1 
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is A :^/8 = 1, and therefore u^tot is in fact equal to 2. This implies the equivalence 
of the on-shell condition for the tachyon vertex and the modular invariance of the 
rectangle amplitude. 


Comparison with UHP amplitude 


We now give a different type of calculation of the amplitude using a conformal 
map and confirm the consistency with the results obtained in the previous subsection. 
This equivalence of these two approaches seems rather nontrivial. 

The four tachyon amplitude B^^{ki]t) is obtained by combining the ghost am¬ 
plitude /ghost in (I2-52|) and the amplitudes in (E3I) for 26 bosons as 




A{t—u) 


h{t) J 


(5-6) 


where we have assumed the on-shell condition fc? = 1 /a' and defined the Mandelstam 
variables s = 2a'{ki + ^ 2 )^, t = 2 a'(A:i -|- and u = 2a'{k 2 + ^ 3 )^. 

Then, note that the same amplitude can be obtained as the correlation function 
in the upper half plane as 

jUHP ^ { 0 )e-'^^^{B)ce-'^^^{l)ce-'’^^^{00)) = (1 - 5)*/2-2^V2-2 ^ (5.7) 


The next task is to determine the relation between the modulus t of the rectangle 
worldsheet and the cross ratio B of the 4-point function. The modulus t is defined 
by 

it= f — / f —, = x{x - l){x - B). (5-8) 

Jb y / Jb y 

We can solve (IFHl) to obtain B in terms of t. Then, we find that B and its derivative 
are given by 


y^^{t/2)rf{2t) y^^{t/2)r]^^{2t) 

Tf^{t) ’ dt rf^{t) 


(5-9) 


Using these relations, we obtain 


= levr/f . 


(5-10) 


Two tachyon insertions 


When there are three edges with Neumann boundary conditions and an edge with 
Dirichlet boundary conditions, we can insert two tachyon vertices. The amplitudes 
in this case are given by (see Fig El) 


I^^\kuk2;t)=^j,{B'^\q^S^-MB°-kiM)NN 

^ ^ i^k^+k2)x ( ^ 

\r]{2t)) V hii) ) V 


12 

,(5-11) 


lf\ki-k2-,t)=DN{B°My^^''^MB'^-ki)ND 

^ i^k^+k 2 )x ( yjt) \ ^ ( r?(t/4)^r?(t) 

V^(i/2)y V ) V 


12 

.(5-12) 
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These are related by the modular transformation 


r(l) 


ki,k2; - ) = 24 " 




(5-13) 


which is graphically depicted in Fig0](b). We can extract the weight of the renor¬ 
malized vertex from the term The two-tachyon amplitudes possess 

1 1 ^+ 2 ^ 

the exact modular property up to the extra factor 24 2 ^ but this extra factor 

can be absorbed in the redefinition of the boundary state. The weight of the renor¬ 
malized vertices is then identified with ^(1^ -|- 2^). In this case, the total intrinsic 
weight vanishes, which is clear from the assignment of the boundary conditions. 


One tachyon insertion 

In the case that two adjacent edges have Neumann boundary conditions and the 
other two edges have Dirichlet boundary conditions, we can insert only one tachyon 
vertex (see Figini): 


h{k;t)=%{B^\q^^^ + ^s\B°;k)% 

-ikx ( ??(2t)r?(t/2) \ ^ / iq{tf \ ~ 

V vit? ) 


(5-14) 


Its modular property is 

which is graphically depicted in Fig0](c). This reproduces the weight of the renor¬ 
malized vertex The intrinsic weight vanishes again in this case, due to the 
assignment of boundary conditions. 


§6. Conclusion 


In this paper, we introduced the boundary state in the open string channel for 
a free boson and a fermionic ghost. Their inner product gives a string amplitude on 
a rectangle. We carefully studied the CFT near the corner carefully and elucidated 
certain nontrivial features, such as the correction of the weight of primary fields. 

There are many important issues which we did not address in this paper. One of 
the most important problems is to generalize our treatment to other CFT, for exam¬ 
ple, the minimal model,the orbifold,®^ the Wess-Zumino model,and of course 
superstrings.OBS for the Majorana fermion is somehow nontrivial, because the 
naive analog of the fermionic ghost, e~ |0), is meaningless. In order to 

resolve this problem, we have to be careful in treating the singularity at the corner. 
The behavior of fermion fields must be considered in order to determine how two 
D-branes can intersect. 

Another important problem is to determine the proper normalization of the open 
boundary state. For the boundary states of a closed string, it is fixed by the modular 
property (Cardy condition)and can be interpreted as the boundary entropy^®^ in 
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statistical mechanics or the tension of the D-brane in string theory.This is closely 
related to the generalization to generic CFT and is a very important problem in the 
study of string dynamics. 

We are also interested in the classical field conhguration near the D-brane. For 
a closed string, it is known^^ that classical supergravity solutions near the D-brane 
can be constructed from the massless part of the boundary state. It may be thought 
that, just as in the closed string case, we can reproduce the soliton profile for source 
D-branes dissolved in higher-dimensional D-branes by extracting the massless part 
in the OBS. We note that an analysis similar in spirit to that described here is 
carried out in Refs. 20) and 21) for D3-D(—1) systems, although the idea of OBS 
is not introduced there. The authors of these works computed a disk amplitude 
that is equivalent to {P\q^^\B°) in our language, where (P| is a massless state of 
open strings on D3-branes and \B°) is the OBS for D(—l)-branes. They showed 
that this amplitude actually reproduces the instanton profile on D3-branes. If we 
can translate their computation into OBS language, it would support the conclusion 
that OBS can be interpreted as describing a soliton configuration in gauge theory. 

This would provide further confirmation of the relevance of OBS. 

We hnally mention that OBS appear in the context of string field theory^^^ (see 
also Refs. 22) and 13)) and are used in defining the modular dual description of Wit¬ 
ten’s string field theory. They define the on-shell external state in such a formulation 
and directly define the D-brane as a solution to string field theory. Determining the 
role played by the boundary state as a solution to the second quantized theory con¬ 
tinues to be a challenging problem. 
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